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Simplicity of eigenvalues in the Anderson 

model 

Abel Klein* Stanislav Molchanov 


Abstract 

We give a transparent and intuitive proof that all eigenvalues of 
the Anderson model in the region of localization are simple. 

The Anderson tight binding model is given by the random Hamiltonian 
H w = —A + V u on £ 2 (Z d ), where A(x, y) = 1 if ja; — y\ = 1 and zero other¬ 
wise, and the random potential Vb = {V u (x),x G Z d } consists of indepen¬ 
dent identically distributed random variables whose common probability 
distribution p has a bounded density p. It is known to exhibit exponential 
localization at either high disorder or low energy IFMSS1IDK1 lAMj . 

We prove a general result about eigenvalues of the Anderson Hamil¬ 
tonian with fast decaying eigenfunctions, from which we conclude that 
in the region of exponential localization all eigenvalues are simple. We 
call (p € i 2 (Z d ) fast decaying if it has /3-decay for some /3 > 4^, that is, 
\^>{x)\ < C v {x)~P for some C v < oo, where (x) := -pi + \x\ 2 . 

Theorem The Anderson Hamiltonian H u cannot have an eigenvalue with 
two linearly independent fast decaying eigenfunctions with probability one. 

We have the immediate corollary: 

Corollary Let / be an interval of exponential localization for the Anderson 
Hamiltonian H u . Then, with probability one, every eigenvalue of H u in I 
is simple. 

This corollary was originally obtained by Simon [Sj as a consequence 
of a stronger result: in intervals of localization the vectors 5 X , x G Z d , 
are cyclic for H w with probability one. Jaksic and Last m have recently 
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extended Simon’s ideas to prove that the singular spectrum of H u is almost 
surely simple. Simon’s cyclicity result cannot be extended to Anderson- 
type Hamiltonians in the continuum. 

Our proof is quite transparent and intuitive, and provides a new insight 
on the simplicity of eigenvalues. If an eigenvalue E of H has two linearly 
independent fast decaying eigenfunctions, then the corresponding finite vol¬ 
ume operator must have at least two eigenvalues very close to E for large 
volumes. On the other hand, the probability of two eigenvalues of the finite 
volume operator being close together is very small for large volumes by an 
estimate due to Minami M Since these two facts are incompatible, the 
eigenvalue E can have at most one fast decaying eigenfunction. 

This insight should also hold in the continuum. The only step in our 
proof that cannot presently be done in the continuum is the use of Minami’s 
estimate fXT] . which is currently known only for the Anderson model. (See 
Appendix El for the statement of Minami’s inequality and an outline of 
its proof.) We expect this estimate to hold in the continuum in some 
form. When Minami’s estimate is extended to the continuum, our proof 
will give the simplicity of eigenvalues also for continuous Anderson-type 
Hamiltonians. 

While the simplicity of eigenvalues for Anderson-type Hamiltonians in 
the continuum is not presently known, they are known to have finite multi¬ 
plicity in the region of complete localization (i.e., the region of applicability 
of the multiscale analysis). Combes and Hislop m proved it for Anderson- 
type Hamiltonians in the continuum with bounded density for the probabil¬ 
ity distribution of the strength of single site potential. Recently, Germinet 
and Klein jCKj proved finite multiplicity for all eigenvalues in the region 
of complete localization without any extra hypotheses than the availability 
of the multiscale analysis; in particular, their result does not require the 
probability distribution of the strength of single site potential to have a 
density. 

The proof of the theorem is based on two lemmas regarding the finite 
volume operators, the first one a deterministic result. 

We let A l be the open box centered at the origin with side of length 
L > 0, and write \l for its characteristic function. Given H = —A + V, 
we let Hl be the operator H restricted to £ 2 (Al) with zero boundary 
conditions outside A l- We identify £ 2 (Al) with Xl£ 2 {% d ), in which case 
Hl = XlH\l■ We write H £ = (1 - Xl)H{ 1 - xl), and V L = H - H L - 
H = ~ A+A^ + A]). By C a ^,.. . we will always denote some finite constant 
depending only on a, 6,.... We write \J f° r the charateristic function of 
the set J. 

Lemma 1 Let E be an eigenvalue for H = —A + V with two linearly 
independent eigenfunctions with /3-decay for some /3 > |. Then there exists 
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C = Cd,p,tpi,tp 2 , where p\ and p 2 are the two eigenfunctions, such that if 
we set £l = CL-P + 2 and Jl = [E — £l,E + £l], we have tr XJl(Hl) > 2 
for all sufficiently large L. 

Proof. Let pi £ i 2 { Z“), i = 1,2, be orthonormal with /3-decay such 
that Hpi = Eipi. Given p £ £ 2 (Z d ) we set pl = XlP and pj^ = p — p l- 
We have 

WvIlW < £l and ||^,i|| > <J 1 -e|> i = 1,2, (1) 

\{<Pl,L,<P2,L}\<ej,, (2) 

\\(H l -E)^ l \\ = \\V L p^ L \\ < C' dtPtV>uipa L- p+± ^ < £ L , i = 1,2, (3) 

for all large L (assumed from now on), with El = Cd l( 3 lV , ll¥ , 2 L _ ' 8+ ^. 

It follows that pi t L and p^,L are linearly independent, and hence their 
linear span Vl has dimension two. Moreover, we can check that 

\\(H L - E)ijj\\ <2£ L \\ip\\ for all ip £V L . (4) 

Now let Jl = [E-3e L , E+ 3e L ), and set P L = Ql = I - PL- 

Then for all tp £ Vl we have, using ®, 

WQl^W < (3 £lT 1 || (Hl - E)Q L ip\\ = (3EL)- 1 II Ql(Hl - Ety || 

< (3ez,) _1 \\{H L -E)ip\\ < | ||V>||, 

and hence 

\\ p Lip\\ 2 = IIV’II 2 - IIQlV’II 2 > | H\\ 2 ■ 

Thus Pl is injective on Vl and we conclude that tr Pl > dim Vi, = 2. 
Redefining the constant in the definition of £l we get the lemma. 

The second lemma is probabilistic; it says that the probability of two 
eigenvalues (perhaps equal) of the finite volume operator being close to¬ 
gether is very small for large volumes. It depends crucially on the following 
beautiful estimate of Minami |MJ Lemma 2 and proof of Eq. (2.48)]: 

P{trx J (F w , L )>2}<7r 2 ||p|| 2 00 |J| 2 L 2d (7) 

for all intervals J and length scales L > 1. Since Minami’s estimate is the 
heart of our proof, we outline its proof in Appendix^ 

Lemma 2 Let H u be the Anderson Hamiltonian. If I is a bounded in¬ 
terval and q > 2d, let denote the event that tr xj{Hu,l) < 1 for all 

subintervals J C I with length | J| < L~ q . Then 

> 1 - 87r 2 ||p||L(|/| + l)L~ q+2d . (8) 


( 5 ) 

( 6 ) 

I 
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Proof. We can cover the interval I by 2 ([^yl-^l] + l) < L q \I\ + 2 
intervals of length 2 L~ q , in such a way that any subinterval J C / with 
length | J\ < L~ q will be contained in one of these intervals, ([x] denotes 
the largest integer < x.) Since the complementary event, ££ T , occurs if 
there exists an interval J C I with |J| < L~ q such that tr Xj{Hw,l) > 2, 
its probability can be estimated, using by 

< A\p\\UL q \ I \+^ L - q ) 2 L 2d < S^WpfM+^L-^, (9) 

and hence © follows. 1 

Proof of Theorem. Let / be a bounded open interval, and set Lk = 2 k 
for A: = 1,2,.... It follows from Lemma 0 applying the Borel-Cantelli 
Lemma, that if q > 2d, then for P-a.e. to there exists k(q, to) < oo such that 
the event £L k ,i,q occurs for all k > k(q,to). But if E £ / is an eigenvalue 
for Hu with two linearly independent eigenfunctions with /I-decay for some 
f3 > then Lemma|T]tells us that for all large k we have tr XJ k (Hu,L k ) > 

2, where Jk = JL k is a subinterval of I with \Jk\ < CL k 2 , which is not 
possible since if (3 > there exists q > 2d such that /3 — | > q. | 

A Minami’s estimate 

In this appendix we state Minami’s estimate (in two useful forms) and 
outline the steps in its proof. 

Minami’s estimate m- Let H u be the Anderson Hamiltonian. Then 

P{tr >2}< E{{tr tr XJ (^ L )} < L 2d 

( 10 ) 

for all intervals J and length scales L > 1. 

Outline of the proof. Let J = [E — r), E + p] be an interval, in which 
case 

Xj(A) < 2r?S(A- {E + iq))- 1 for all A G R. (11) 
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Thus, with Rl{z) = (Hi, — z) 1 and GL(z\x,y) = (S x , Rl(z) 5 v ), we have 
P{ti 'Xj( H u>,l) > 2} < E{(tr xj( h u,l )) 2 ~ tr Xj( H w,l)} (12) 

= E<! V \AE,)yAE 0 )\ (13) 


E Xj(Ei)xj(E 2 ) 

< Ei ,E%(zcr(H l)', E±^E2 > 


< Ei 


E 


277 


277 


Ei — (E + irj) E 2 (E T irj) 


\ Ei,E2€.ct(Hl)\ Ei^=E2 

(2? ? ) 2 e{ (tr ZR l (E + i v )) 2 - tr{ (<3R L (E + i V )f } } 


(14) 

(15) 


= (2f? ) 2 E | det 


$sGl(E + irj;x,x) SsGl(E + irj;x,y) 
%G l (E + ir);y , x) 3G L (£ + ir?; y, y) 


<(277)V||p||^L 2d = 7r 


2r2 <2 


|J| 2 L 


(16) 

(17) 


where Ca - C5> is given in jMj Eq. (2.64)], and iTHT) follows from (Mi 
Lemma 2]. 1 
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